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ABSTRACT 

The definition of a positive energy is investigated in a renormalizable 
4-diinensional generally covariant model, which depends on the lorentzian 
complex structure and not the metric of spacetime. The gravitational content 
of the lorentzian complex structures is revealed by identifying the spacetime 
with special 4-dimensional surfaces of the 6*2,2 Grassmannian manifold. The 
lorentzian complex structure is found to be a codimension-4 CR structure and 
its classification is studied using the Chern-Moser and Cartan methods. The 
spacetime metric is found to be a Fefferman-like metric of this codimension-4 
\ CR structure. The open CR manifolds "hanging" from the points of the U{2) 

■ characteristic boundary of the SU{2, 2) classical domain belong into 

representations of the Poincare group and are related to the particle spectrum 

of the model. 
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1 INTRODUCTION 



After the recent failure of ATLAS and CMS experiments to find minimal su- 
persymmetry effects and (large) higher spacetime dimensions, doubts on the 
physical relevance of the superstring model start to appear. Despite these exper- 
imental difficulties, the proponents of the string model do not give up, because 
they think that it is the unique quantum mechanically self-consistent model, 
which includes gravity. In fact, it is not unique! Long time agoP^.[H ] ,|15j,[TB ] 
I wrote down and I quantized the following simple 4-dimensional Yang-Mills-like 
action, which depends on the lorentzian complex structure and not the metric 
of the spacetime. 

Jg = / d^z^g'--gf'~P F.^pF ~ + c. c. = 2 / d'^z i^oi^JoT + ^ c. 

(1.1) 

Fjab — daAjb — daAjb ~ 7 fjikA-iaAkb 

Lorentzian complex structures have been introduced [7] by Flaherty in 
order to study spacetimes with two geodetic and shear free congruences. Using 
the ordinary null tetrad (^^i, n^, m^, rn^), the lorentzian metric g^^i, and the 
complex structure J^f take the form 

(1.2) 

— i{i^ny — n^j^f,^ — m^m^ + m^m'^) 

Notice that the lorentzian complex structure is a complex tensor, unlike 
the ordinary euclidean complex structure, which is a real tensor. This complex 
structure is integrable if 

(f^m''-rm'')(apC) = , {e^m" - e''mt'){df,m^) = 

(1.3) 

{n^'m'' - n''mt'){d^n^) = , (n'^m'' - n''m''){df,m^) = 

That is when the spin coefficients k, ct. A, v vanish, which implies that the real 
vectors £^ and n^^ define geodetic and shear free congruences. Then Frobenius 
theorem states that there are four independent complex functions (z", z"), 
a = 0, 1 , such that 

dz^ = fa £fj.dx^ + ha m^dx'^ , dz" = fa n^dx^ + ha rrifj^dx^ 

e = £adz'^ , m = madz°' (1.4) 

n — Hadz" , m — madz" 

These four functions are the structure coordinates of the (integrable) com- 
plex structure. In the present case of lorentzian spacetimes the coordinates z" 
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are not complex conjugate of z", because J ^ is no longer a real tensor, like the 
ordinary complex structures. We always have z° — f^^z^), while the condition 
dz" A dz° A dz° A dz^ ^ has to be imposed. 

Using the null tetrad, the generally covariant form of model action takes the 
form 

lG=Jd^ ^ {{If^mPFj^p) {n'^m'' Fj,^) + (i^mPFj^p) (n^m'^Fj,^)} 

(1.5) 

with the following term of Lagrange multipliers 

Ic ^ Jd^ y=^{(/)o(^''m'' - rTO^)(a^£^) + 01 (rm-^ - rTO^)(9^TO^)+ 

+0o(n^TO'' - n''mP-){d^,n^) + (jj^inf^m" - n''rn''){dpm^) + c.conj.} 

(1-6) 

which impose the integrability conditions of the lorentzian complex structure. 
These terms are essential, because they assure the metric independence of the 
action leading to its renormalizabilitv|18) . In brief, this model is a conven- 
tional lagrangian generally covariant model which is renormalizable because of 
its increased symmetry. 

The physical content of the model has been studied in my previous works , [19] , [20] . 
In this work we focus on the mathematical methods which could be used for 
the definition of a positive energy and the related classification of the lorentzian 
complex structures. In section II, I specify the general class of metrics, which 
are compatible with a lorentzian complex structure. I have not yet found an 
appropriate definition of the energy quantity of the model. A formal definition 
of the energy may be undertaken using the existence of a coordinate system, 
where the ordinary contracted derivative of the Einstein tensor vanishes. But 
this coordinate system has to be related to the geodetic coordinates of £^ and n'^ 
which transform according to a Poincare group. This defined energy, suggested 
by the great success of the Einstein general relativity, must be proved to be 
positive. 

The Poincare group naturally emerges if the spacetime is described as a 
surface of 6*2,2 in section III and a codimension-4 CR manifold in section IV, 
where the classification of lorentzian complex structures is undertaken. In sec- 
tion V, I find that the spacetime class of metrics compatible with a lorentzian 
complex structure are Fefferman-like metrics of the corresponding codimension- 
4 CR structure. This direct relation of the "particles" of the model with the 
formidable mathematical machinery of bounded domains, their CR-boundaries 
and the natural emergence of the Poincare group may permit us to define the 
energy quantity. 
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2 AN ENERGY DEFINITION FOR THE MODEL 

The integrable complex structure is determined by a null tetrad up to the fol- 
lowing transformations 



(2.1) 



Under these transformations the Ncwman-Penrose spin coefficients [3] transform 
as follows 
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A ' 4M_MA ^'^ 4A 
1^1 M M-AN i-rr \ , 1 niv, MA^ 



£' = J-g + M M-_AjV _ X I J_£)ln_ 



2x(a^ + m) + ilTM - ^) + mAMM M) (2.2) 



p' - + + iifw(p-p) - m^HM M) 
= 2I1V + ^) + wC^^ - ^) + w*^ in(A7V) 
= 2liv(- + -) + - -) - m^Hm 

We see that the following relations 

M'-M;=T=(/i-7^) (2.3) 

establish the corresponding quantities as relative invariants of the complex struc- 
ture, analogous to the Levi forms of the CR structure [9 . 

Not all the metrics admit a lorentzian complex structure. In that case, 
the (non-conformally flat) metric uniquely determines the lorentzian complex 
structure through the integrability conditions 

■^ABCD O^O^o'^O^ = = -^ABCD l"" f i° (2.4) 

where and is the spinor dyad of the integrable null tetrad and abcd is 
the Weyl tensor in the spinor notation. Namely, they are principal null directions 
of the Weyl spinor abcd- But the inverse is not true. The class J\gii.v\ of 
metrics, which are compatible with a lorentzian complex structure, is determined 
by the following general form 

(2.5) 

9""' = i^9''--^ii''n-^ + n>^n 
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This is a generalization of the conformal (Weyl) class of metrics and a 
Yamabe-like problem may be posed with one more scalar quantity constant, 
besides the scalar curvature. I do not actually see any physical relevance of 
this mathematical problem. Instead I have already pointed out[T7],[Tn] that the 
derivation of Einstein's gravity implies that the energy of the model should be 
defined using the Einstein tensor of a metric from the class J[5^;y]. The assumed 
in General Relativity dominant energy condition must be proven in the present 
model. I want to point out that the existence of a positive conserved quantity 
seems to be essential for the quantum stability of the model. 

Einstein used the Levi-Civita connection to equate the covariantly conserved 
tensor i?'"^ with the matter energy-momentum tensor 

Ef"" = R'"'~^R g^"' = 8nk T'"' (2.6) 

where T'^'^ is the energy-momentum tensor of the matter fields. In the present 
model, general covariance does not permit the definition of an energy-momentum 
tensor. Therefore we use the existence of a coordinate system such that 

d, {^/^E^^") - (2.7) 

to define the conserved quantity 

f (5m-) = I^V^E^'^dS^ (2.8) 

in the precise coordinate system. Recall that singularities are not permitted in 
Quantum Field Theory. Therefore we have to consider only regular spacetime 
metrics. 

The considered quantity £(g^^) depends on the metric g^i, and it does not 
characterize the complex structure, therefore it cannot be the energy defini- 
tion of the lorentzian complex structure. I think that the energy of a complex 
structure is properly defined by the following minimum 

nj;]= min £{g,,.) (2.9) 

where the minimum is taken over all the class J[5^i/] of metrics. Apparently 
the mathematical conjecture is that such a minimum exists, which is not at all 
evident! That is, in the present model, the positive energy condition must be 
proved! 

This conserved quantity depends only on the moduli parameters of the com- 
plex structure. Minkowski spacetime determines the vacuum sector of the model 
because E[J^''] = 0, for complex structures compatible with the Minkowski met- 
ric. From the 2-dimensional solitonic models "T, we know that the minima of 
the energy characterize the solitons. Assuming that E[J^''] is a smooth function 
of the moduli parameters, we can always expand it around a minimum. 

E[j;]c,E + J2ega^a, (2.10) 

9 
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where E and Sq are positive parameters. These variables and Uq are moduh 
parameters of the complex structure. E is defined to be the energy of the 
soliton characterized by the minimum and Sq are the energies of the excitation 
modes. 

This formal procedure implies the Einstein equations if the following points 
are mathematically clarified: 1) The positivity of £{g^^) for at least a subclass 
of J[gij,v]- 2) The precise coordinate system satisfying (|2.7p properly transforms 
under the Poincare group found in my previous work [19 and which will be 
outlined in the next section. 3) The proof will explicitly single out the precise 
Einstein metric from all the other induced [19] metrics on the manifold. 

3 THE G2,2 DESCRIPTION OF THE LORET- 
ZIAN COMPLEX STRUCTURES 

It is trivial to show from (11.41) that the structure coordinates (z", z"), a = 0, 1 
satisfy the relations 

dz° A dz^ A di" A dP" = 

dz° A dz° A dio A = (3.1) 

dz° A dz^ A dzO A dzO = 
that is, there are two real functions ^'n , ^22 and a complex one ^'12, such 



*n(^",^") = , *i2(z",z")=0 , *22(z",^")=0 (3.2) 

This surface may be considered as the characteristic boundary of a domain 
which is holomorphically equivalent to a bounded domain in C*, through the 
positive definite condition of the following 2x2 matrix 

*=f^ M>0 (3.3) 
V*12 *22y ^ ' 

which occurs when + 5*22 > and dot 'J > 0. Notice that the boundary 
conditions + ^'22 — and det = imply the above (|3.2p four relations 
which determine the lorentzian complex structure. 

The mathematical study of this kind of problems is performed after their 
projective formulation. For this purpose I consider the rank-2 4x2 matrices 
X™* with every column being a point of an algebraic surface Ki{X"^''') of the 
CP^ projective space. Then I consider that the 2x2 matrix ^ has the form 



\,Gi2 Ct22 



> (3.4) 
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where E is an 5C/(2, 2) invariant 4x4 matrix and Gij = Gij {X"^\X"^^) are ho- 
mogeneous functions. This projective form emerged from the consideration [19] 
of lorentzian complex structures asymptoticahy compatible with the Minkowski 
metric and the Penrose observation[TT] that a geodetic and shear free congruence 
of Minkowski spacetime can be described by a null twistor satisfying an algebraic 
condition. In the simple case Gij = it is a first kind Siegel domain[T^.|22] for 

^-(? (3.5) 
which is holomorphic to the SU{2, 2) invariant bounded classical domain given 

by 

'I 

,0 



(3.6) 



That is the form p.4p osculates the surface p.2p with the Shilov boundary of 
the SU{2,2) invariant classical domain. 

Using the following spinorial form of the rank-2 matrix X"^^ in its ubounded 
realization 

A* 



and the null tetrad 



L - -^A A (T^,g , iV - A CT^,^ , Ad - ^A A cr^,^ 



e^sA A =1 



the above relations take the form 



(3.8) 



^11 = 2V2y^La - Gii(F^,y"i) 

*i2 - 2V2y''Ma - Gi2(F^, (3.9) 

*22 = 2V2y^Na - G22(F^,r"') 

where is the imaginary part of r°' — x'^ + iy°' defined by the relation r^' b = 
r'^(yaA'B and (7%^ being the identity and the three Pauli matrices. The surface 
satisfies the relation 

2/" = ^\G22N- + GiiL- - G12M- - (3.10) 

which combined with the computation of A'^' as functions of r°, using the Kerr 
conditions Ki{X""), permit us to compute = y°'{x) as functions of the real 
part of r" . 

Notice that this surface does not generally belong into the Seigel domain, 
because ?/° and 

yV^7ab = i[G22Gii-Gi2G^] (3.11) 
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are not always positive. But the regular surfaces (with an upper bound) can al- 
ways be brought inside the Siegel domain (and its holomorphic bounded classical 
domain) with an holomorphic complex time translation. 



\w%,) \dl I 



(3.12) 



In the case of an asymptotically flat space time, its point at infinity, which is on 
the Shilov boundary, remains intact. Therefore we can always assume that the 
bounded domain (|3.4I) is always inside the SU {2,2) invariant classical domain. 
A typical example is the case X^TX — with 

^-{-f i) (3.13) 



and the Kerr functions Ki = X^'^ = and K2 = ^02+ X^^^ 0. Then 

using the following definition of the structure coordinates 



■ 1 0- 1 /'o1/^^ 

'x*"" ' ^ ^ ' ^ ^ ' ^ ^ (3.14) 

we easily find the relations 

^-11 = i{f _ z°) - 2x^1^ ~ 26(1 + z^P") 

^12 = 2b) - 7^{1 + iz" + 2b) (3.15) 

*22 ^i{zO- zO) - 2zizi - 26(1 + z^zi) 

which will be described below. We find y"' — (6,0,0,0) which does not induce 
any gravity, because this lorentzian complex structure is compatible with the 
Minkowski metric. 

The asymptotically fiat lorentzian complex structures {X^^EX^ — , X^^EX^ 
0) belong into irreducible representations of the SU (2, 2) group which is broken 
down exactly to its Poincare x dilation subgroup by the infinity point on 
the Shilov boundary. 

The real part of r° determine a characteristic set of coordinates because 
it properly transforms under the Poincare group. In the case of asymptoti- 
cally flat lorentzian complex structures there are two other coordinate systems, 
which properly transform under the Poincare group too. These are the geodetic 
coordinates of and n'^ which have the general forms 



X{+)A'A^ i-^ -l-rA a'Aa 1 vr and A w^c 7^ 

Xi-)A'A = -T^^T^ + sX^A'X'A 1 O"-^ X^^w'^cJ^O 



(3.16) 



These characteristic coordinate systems should be related to the definition of the 
energy of a lorentzian complex structure, for this quantity to be a component 
of a four-momentum. 
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4 CLASSIFICATION OF LORENTZIAN COM- 
PLEX STRUCTURES 

Flaherty worked^ with the complex structure preserving connection 7^^ with 
the foUowing non vanishing components 

7^^ =5"" 5^575 , 7f^ = 5""5^5a^ (4.1) 

where the metric is written in the structure coordinate system (2:", z"), a = 0, 1 

ds^ = 2g^^ dz°'dz~^ (4.2) 

He showed that if the torsion of this connection T^^ = 7^^ — 7^^^ vanishes, the 
complex structure is kaehlerian, d(J^i^ dx^ A dx'^), and the vectors of the null 
tetrad are hypersurface orthogonal. This means that the complex structure is 
trivial and apparently compatible with the Minkowski metric. But the inverse 
is not valid. There are non-trivial complex structures (with non-vanishing tor- 
sion) which are also compatible with the Minkowski spacetime. Hence we cannot 
use this torsion to describe the gravitational content of the complex structure. 
But we may use all the invariant tensors (torsion, curvature and their covari- 
ant derivatives) created by this connection to classify the lorentzian complex 
structure. 

The four real conditions p.2p imply that the spacetime, which admits an 
integrable lorentzian complex structure, is a CR manifold with codimension 
four. Following the ordinary procedure we can find the corresponding four real 
forms. It is convenient to use the notation df = -^^dz°' and df = -^~dz°'. 
Then we find _ _ 

e = 2^9^-11 = i{d - d)^n = -2ia*ii 



n = 2^9^-22 = i{d - 9)^22 = -2iS^'22 



(4.3) 



1712 — i{d + d — d ~ d) 



1'12-1'12 



These forms restricted on the manifold are real, because of d^ij — and the 
special dependence of each function on the structure coordinates (z", z"). The 
relations become simpler if we use the complex form 

m = TOi + 2777,2 = 279*^ = -2idW^ = i{d ~ (4-4) 

Notice that these forms coincide with the null tetrad up to a multiplicative 
factor. The general CR transformation is actually restricted to a factor, because 
the dimension of the manifold coincides with its codimension. 
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A general null tetrad has the following differential forms 

M ^ {e + e)n A e + {t - a ~ Al+{T-a- /3)m A 1+ 
+ {p — 'p)m Am— Kn A m — Kn Am 

dn = —{j + j)£ An + (a + j3 — 7r)m A n + (a + /3 — Tr)fn A n+ 
+ — jL)m Arn + i^£ A m + T'£ Am 

dm = (7 — 7 + ]!)£ Am + {e — e — p)n A to + (a — j3)m A to— 
- (t + Ti)£ A n + XI Am — an Am 

It is integrable ifK = (T = A = i^ = 0. Then the transformations of the spin 
coefficients (|2.2p imply that the vanishing or not of the quantities (p — p) , (/z — 
/Z) , (r + 7f) are relative invariants of the lorentzian complex structure. If these 
quantities vanish, the complex structure is kaehlerian, and the vectors of the 
null tetrad are hypersurface orthogonal. That is the complex structure is trivial 
and apparently compatible with the Minkowski metric. 

The classification of the lorentzian complex structures may be approached 
using the CR structure techniques. In the next two subsections I will outline 
the Chern-Moser normal form and the SU{2, 2) Cartan connection methods. 



4.1 The Chern-Moser normal form method 

It has already pointed out[l^,[l] that the explicit conditions ^'ii(z",z") = 

, ^['22 (^z", z"^ — and the corresponding holomorphic transformations z'" = 

/"(z") and z'" ~ /"(z") which preserve the lorentzian complex structure, are 
exactly those of the 3-dimensional CR structures^. Therefore we may use the 
Moser procedure for the classification of the lorentzian complex structures. For 
each hypersurface type CR structure we consider the following Moser expan- 
sions 

= J2 N,kiu)izyiz^)'' 

k>2J>2 

N22 = N32 = N33 = _^ 

V^z'z^+ E N,k{v){zy{z~^)'' ^ ■ ' 

k>2,j>2 
N22 - N32 = iV33 = 

where z'^ ^ u + iU , z'^ = v + iV and the functions Njk{u) , Njk{v) characterize 
the lorentzian complex structure. By their construction these functions belong 
into representations of the isotropy subgroup of SU (1,2) symmetry group of 
the hyperquadric. Notice that the corresponding Moser chains are determined 
by and ^"gfs respectively and they should be related to x^. geodetic 

coordinates. 

The above Moser normal forms are unique up to the isotropy group of the 
hyperquadric for each expansion. The transformations of the isotropy subgroup 
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have the form 

,1 _ c(zHaz°) 

(4.7) 

^'0 _ z^l 

~ cc[l-2zazi + (f)-i|a|^)zii] 

where the parameters a, c are complex and b is real. An analogous transforma- 
tion ambiguity exists for the tilded structure coordinates. This freedom may be 
used to fix the linear terms of the ^£^12 = expansion as follows 

zT = IT+ Ci(z")2 + C2(Io)2 + Csi^f + .... (4.8) 

The Moser normal forms, which determine a complex structure compati- 
ble with the Minkowski metric (without gravity content), may be found using 
the condition X^EX — and the two Kerr algebraic homogeneous conditions 
K.iX"^') = 0. 



4.2 The Cartan connection method 

The osculation l\'3A\i of the of the CR structure which describes the integrable 
lorentzian complex structure suggests the use of the U{2,2) Cartan connection. 
The Cartan connection of a group manifold is w = g~^dg, where t/ is a 4 x 4 
matrix, which preserves the form of E, {g^Eg — E) and it has the following 
coset space decomposition 

where A is a general complex and x, b are hermitian 2x2 matrices. The curvature 
of this connection is £7 = -I- cj A cj = 0. It is known that not all these g 
matrices determine a complex structure of the Minkowski spacetime. They do, 
if the matrix A has the form 

A = ( ) (4.10) 



where k, k are complex and w, w are functions of xa'A implied by the Kerr con- 
ditions Ki{w, xq'o + xo'iw, xi'o + xiriw) = and K2{w, —xo'ow + xo>i, —xi'ow + 
xi'i) = 0. The curvature of this lift of Minkowski spacetime continues to vanish, 
because g is still an element of U{2, 2). 

In the general case (13. 4p of a lorentzian complex structure which is not 
compatible with the Minkowski metric, the hermitian matrix xa'A is replaced by 
the general complex matrix rA'A{x), which is determined by the surface defining 
conditions. Then g is no longer an element of J7(2, 2) and the corresponding 
curvature does not vanish. 

In the general case the Cartan connection is 

"ftl (4.11) 
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where cq and 62 are 2x2 hcrmitian matrices 1-forms. Identifying 



eo = ( ^ ) (4.12) 



the curvature fl satisfies the relations 



with 



ei 



deo - 


h eo A ei 


— e| A Go = irJi2 


dei - 


h ei A ei 


+ 62 A Co = rill 


de2 - 


1- ei A 62 


- 62 A 6^ = -zri2i 






-e) "+ 



62 



-$22 ^'21 \^ /A-$ii $10 

$12 A- $11/ $01 -*oo 

$21 -*2oA , *12 -A -$11 

-A -$11 $10/"* I -$02 'I'oi 



and the curvature components are r2i2 = 
fill = 




(4.13) 



(4.14) 



(4.15) 



and r22i is directly computed. 

In the present case of integrable complex structures we have ^0 = = 
\E'4 and the corresponding codimension-4 CR structures are classified to the 
following four cases 

Case / : ^-1 7^ , *2 7^ , *3 7^ 
Case // : *i 7^ , *2 7^ , *3 = 

(4.16) 

Case III -.^1=^0 , ^'2 = , *3 = 

Case D -.^1=0 , *2 7^ , = 

Notice that this classification is also related to the number of principal null 
directions that the spacetime admits through the relation (I2.4p . 
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5 A FEFFERMAN-LIKE METRIC 



It is well known [22] that for any proper bounded domain (and its holomorphic 
transformations) there is a Bergman kernel 

K{z,w) = (5.1) 
j 

where is a complete orthonormal system of holomorphic functions. For 

homogeneous classical domains it can be computed. For the 4(real)-dimensional 
ball, the Bergman function Kh{z) = Kh{z,'z) is 

Kh{z) - (5.2) 

where p{z,'z) > is the defining condition. In this case the behavior of the 
Bergman function is simple as z tends to the boundary. For the general case 
of a strictly pseudoconvex domain, the Bergman function has the same leading 
singularity, but it has a logarithmic singularity too 

ifff(z) = (00 +(^lP + 02P')/5"^+V^ log/5 +(^ (5.3) 

where all the functions are regular on the boundary. FefFerman[5| has shown 
that these functions may be asymptotically computed using the metric 

rf4i = 2 E q^dz.dzE (5.4) 

j,k=0 

restricted on x Boundary, where is the natural bundle \zo\ — 1. 

The condition ^ii(z",z") = determines a 3-dimensional CR submani- 
fold of the spacetime. The corresponding FefFerman metric cannot be identified 
with the spacetime metric because the Fefferman metric is always Petrov type 
N, while our spacetime metric admits at least two different principal null direc- 
tions. But the Fefferman metric may be considered as an asymptotic approx- 
imation of the spacetime metric in an appropriate coordinate system. It can 
also be characterized among all the metrics of a 4-dimensional manifold using 
(among other restrictions) f21 the positivity of the Einstein tensor component 
E^"^ Kfj^Kjy, where is the tangent vector of S^. 

Let us now proceed to define a Fefferman-like metric for the codimension-4 
CR structure of the lorentzian complex structure. We will essentially osculate 
the Shilov boundary of the SU (2, 2) invariant classical domain. In this case the 
Bergman function is [5] 

ifB(Z) = -i[dct(l-ZtZ)]-4 (5.5) 

where the place of the defining function p{z, z) takes the det(l — Z^Z). Hence in 
complete analogy to the Fefferman procedure I consider the following Kaehler 
metric 

dsli = 2 E y^^dzjd:z]^ (5.6) 
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where is the 2x2 matrix p. 31) which defines the spacetime as a CR manifold. 
A straightforward calculation gives {fjK = ^lygl^) 



t~ — 81'22 _ Tj7~ 0^1' 12 

f >!, 9^ "^22 _ 91'12 



(5.7) 



I Pa ^^dzf<dz^ dzP dz° 

which on the characteristic boundary = takes the form 

ds']p^\M — {C-an^ — maTfi^)dz°'dz^ (5.8) 

which is the spacetime metric written in structure coordinates. The ambigu- 
ity factors of the null tetrads are hidden in the functions 4'^ = 0, which can 
always be multiplied with non vanishing factors, which do not affect the char- 
acteristic boundary. Notice that the null geodesies of this metric project on the 
Chern-Moser chains of the two hypersurface-type CR submanifolds, which is a 
characteristic property of the Fefferman metric. It would be interesting to see 
whether the present Fefferman-like metric plays the same role to the asymptotic 
computation of the Bergman kernel of p.4p , like the ordinary Fefferman metric 
does in the case of hypesurface type CR manifolds. 

As a typical example, I will now compute the metric (|5.6p for the flat 
lorentzian complex structures generally given by the CR conditions = 
fijX^EX^ — 0, where fij are appropriate factors such that the metric be- 
comes Minkowski on the surface. For a change, I will use the Newman complex 
trajectory[2 condition to specify the geodetic and shear free character of the 
congruences, which in the present formalism takes the form|19) 




where C'''\t,) are two generally independent trajectories. In the case of the 
assumption of the Kerr-Penrose conditions Ki{X"^'^) = 0, the computational 
steps are analogous. This condition implies (ordinary) holomorphic transforma- 
tions between the structure coordinates = ri = z^{r°'), = ^ro- = z^{r°-), 

z^ — T2 — z^{r°'), ~ — yiT = z'^{r°') and the complex variables r". The next 
step is to find factors fij such that formal 9 

V2 \^i(r'» - r")Ma i(r° -r'^)iVa/ ^ 
where p.Sp defines the flat null tetrad. Then the metric takes the form 

= \ E '-^^^g^^dr'^d^ = v^.dr'^d?^ (5.11) 

a.b 
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which apparently becomes the Minkowski metric on the surface = Im(r°) = 
0. 



6 ON THE U(2) AND POINCARE SYMME- 
TRIES 

In section III we showed that a regular 4-dimensional surface can always be 
transferred inside the SU(2, 2) classical domain with an (holomorphic) complex 
time translation. Therefore we may be constrained to the regular surfaces (13.41) 
inside the SU{2, 2) classical domain and the flat surface on its characteristic 
boundary. As quantum configurations, these surfaces must belong to irreducible 
representation of the SU{2, 2) group. 

The physically interesting asymptotically flat spacetimes, which admit a 
lorentzian complex structure, are equivalent |19| to open surfaces with a point 
(the Penrose point, where scri+ and scri- meet) at the Shilov boundary. This 
point breaks SU{2, 2) group down to its Poincare x Dilation subgroup, which 
is the isotropy group of the boundary [12]. 

In the case of the bounded realization of the SU{2, 2) classical domain p.6p 
we represent the rank-2 matrix X™* as 

X = ( J^) (6.1) 

where the 2x2 matrices r of the unbounded realization p.7p and z are related 
with 

r = i{I + z){I ~ z)-^ (6.2) 

which implies that the point z = / of the characteristic boundary of the bounded 
realization of the homogeneous domain is mapped to the inflnity of the corre- 
sponding Siegel domain. In the bounded realization, a general 51/(2, 2) trans- 
formation is 

z' = {A21 + A22 z) {An + A12 zy^ 
where the 2x2 matrices Aij must satisfy the conditions 

4l^ll - 4l^21 = / , 4l^l2 - Al^22 - , ^2^22 ^ ^2^12 = I 

(6.4) 

The z ^ I stability subgroup Pi must satisfy 

A21 + A22 ^ All + Ai2 (6.5) 

which makes the last condition of (|6.4[) a simple identity. This isotropy sub- 
group is in fact the bounded realization Poincare x Dilation subgroup, which 
becomes a linear transformation in its unbounded (Siegel domain) realization. 
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Hence the open surfaces "hanging" from a fixed point of the boundary belong 
to representations of the Poincare group. 

The characteristic boundary of the bounded SU{2, 2) homogeneous domain 
is the U{2) manifold. Under a general U{2,2) transformation the Poincare 
representation of surfaces of the z = I point will be transformed to the 

U = {A21 + A22) {An + Ai2)~' (6.6) 

point of U{2). Two Ui and U2 points of the boundary are always connected 
with the U{2) group transformation u 

{ihh) ^ (0 U2U^') {uiT,) (^-^^ 

Therefore the corresponding isotropy subgroups are isomorphic, because P2 = 
u ■ Pi ■ . If in the present Quantum Field Theoretic model the vacuum is the 
Minkowski part of the Shilov boundarv[19j with a precise infinity point i'^, the 
SU{2, 2) symmetry will be spontaneously broken to the Poincare subgroup. The 
dilation group is also expected to be broken. The U(2) group, which transfers 
the Poincare representations of the z = I infinity point to the other points of 
the boundary, will be broken too. 

It is well known [11 that Minkowski spacetime is topologically different 
than Kerr-Newman type of spacetimes, because the former can be compacti- 
fied through the continuity of its geodesies at scri, while in the latter spacetimes 
it is obstructed by the mass. Current phenomenology indicates that Poincare 
representations of the broken U{2) modes of surfaces homotopic to Minkowski 
spacetime should be vector and scalar (Higgs) bosonic fields. The Kerr-Newman 
type solitonic sector should appear like the electronic multiplet of the Standard 
Model. I think that all these points will be clarified when an energy operator 
compatible with the Poincare subgroup of SU{2, 2) symmetry is found. 
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